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Abstract
The relativistic problem of fermions subject to a PT-symmetric potential in the presence of
position-dependent mass is reinvestigated. The influence of the PT-symmetric potential in the
continuity equation and in the orthonormalization condition are analyzed. In addition, a miscon-
ception diffused in the literature on the interaction of neutral fermions is clarified.
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After the pioneer work by Bender and Boettcher [1], the so-called PT-symmetric systems
have been studied widely because of their intrinsic interest and also for applications in
different research field, as for example, in the study of nuclear physics [2]-[3], quantum field
theories [4]-[6] and electromagnetic wave traveling in a planar slab waveguide [7]. In recent
years, some authors have extended the research fields for the PT-symmetric quantum systems
with a constant mass to the relativistic PT-symmetric position-dependent effective mass
quantum systems. It is usually expected that, in the relativistic case, the ordering ambiguity
of the mass and operators, which is present in the non-relativistic case, should disappear.
Systems with position-dependent mass have been found to be very useful in the description
of electronic properties of, for instance, compositionally graded crystals [8], quantum dots
[9], quantum liquids [10], etc. Many problems of fermions interacting with PT-symmetric
potentials in presence of position-dependent mass have been reported in the literature [11]-
[17]. Shina and Roy [11] investigated the one-dimensional solvable Dirac equation with
non-Hermitian scalar and pseudoscalar interactions (wherein the scalar interaction plays
the role of a position-dependent mass), possessing real energy spectra. In Refs. [12]-[13],
the authors proposed a scheme to construct a PT-symmetric potential with a real relativistic
energy spectrum in the setting of the position-dependent effective mass Dirac equation in
1+1 dimensions. In the case of the position-dependent mass distribution with linear and
inversely linear form, the bound state solutions of the effective mass Dirac equation for a
singular PT-symmetric potential have been studied [12]. By using the method proposed in
Ref. [12], the relativistic problem of neutral fermions subject to PT-symmetric trigonometric
potential in 1+1 dimensions has been investigated [14]. Following up of the work [12], a
new method has been proposed to construct the exactly solvable PT-symmetric potentials
within the framework of the (1+1)-dimensional position-dependent effective mass Dirac
equation with the vector potential coupling scheme [15]. Mustafa and Mazharimousavi
[16] investigated the spectrum of the (1+1)-Dirac equation with position-dependent mass
and complexified PT-symmetric Lorentz scalar interactions. In Ref. [17] the bound state
solutions of the effective mass Dirac equation in 1+1 dimension in presence of a position-
dependent double-well-like mass distribution and a symmetric mass distribution is studied.
In all above research, do not analyze the four-current or the orthonormal condition.
In this present paper the relativistic problem of fermions subject to a PT-symmetric
potential in the presence of position-dependent mass is reinvestigated. The four-current
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in the presence of interaction for fermions with position-dependent mass is analyzed and
the condition for a conserved four-current is obtained. An orthogonality criterion for the
eigenspinors is founded. This kind of analysis has already a precedent in the Duffin-Kemmer-
Petiau (DKP) equation [18]-[22]. These results are used to show not only that the presence
of PT-symmetric potential does not lead to a conserved current, but also to show that
the orthogonality criterion is consistent depending on the suitable boundary condition. In
addition, it is also shown that a pseudoscalar potential in (1+1) dimension is associated
with interaction of neutral fermions, as opposed to what was done in Refs. [14] and [17].
The Dirac equation for a free fermion with position-dependent mass M(~r) is given by
(with units in which ~ = c = 1)
(iγµ∂µ −M(~r))ψ = 0 (1)
where the matrices γµ satisfy the algebra
γµγν + γνγµ = 2ηµν (2)
and the metric tensor is ηµν =diag (1,−1,−1,−1). The algebra expressed by (2) generates
a set of 16 independent matrices.
A well-known conserved four-current is given by
Jµ = ψ¯γµψ (3)
where the adjoint spinor ψ¯ is given by
ψ¯ = ψ†γ0 (4)
with (
γ0
)†
= γ0 (5)
in such a way that (γ0γµ)
†
= γ0γµ (the matrices γµ are Hermitian with respect to γ0). The
time component of this current is positive definite but it may be interpreted as a charge
density. Then the normalization condition can be expressed as
∫
dτ ψ¯γ0ψ = 1 (6)
With the introduction of interactions, the Dirac equation (1) can be written as
(iγµ∂µ −M(~r)− V(~r))ψ = 0 (7)
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where the more general potential matrix V(~r) is written in terms of 16 linearly independent
matrices. In the presence of interactions Jµ satisfies the equation
∂µJ
µ + iψ¯
(
V − γ0V†γ0
)
ψ = 0 (8)
Thus, if V is Hermitian with respect to γ0, i.e.
(γ0V)† = γ0V (9)
then four-current will be conserved. A similar procedure was already reported for DKP
equation in [18]-[22]. The potential matrix V can be written in terms of well-defined Lorentz
structures. For (3+1) dimensions there are a scalar, a pseudoscalar, a vector, a pseudovector
and a tensor terms [23]. In this stage, it is worthwhile to mention that the Dirac equation
with position-dependent mass is equivalent to a Dirac equation for massless fermions with
a scalar potential.
If the terms in the potential V are time-independent one can write ψ(~r, t) =
φ(~r) exp(−iEt), where E is the energy of the fermion, in such a way that the time-
independent Dirac equation becomes
[
γ0E + iγi∂i −M − V
]
φ = 0 (10)
In this case Jµ = φ¯γµφ does not depend on time, so that the spinor φ describes a stationary
state. Eq. (10) for the characteristic pair (Ek, φk) can be written as
Ekγ
0φk + i
−→
∂iγ
iφk −Mφk − Vφk = 0 (11)
and its adjoint form, by changing k by k′, as
Ek′ φ¯k′ − iφ¯k′γ
iγ0
←−
∂i −Mφ¯k′γ
0 − φ¯k′γ
0V† = 0 (12)
By multiplying (11) from the left by φ¯k′ and (12) from the right by γ
0φk leads to
Ekφ¯k′γ
0φk + iφ¯k′γ
i−→∂iφk −Mφ¯k′φk − φ¯k′Vφk = 0 (13)
and
Ek′φ¯k′γ
0φk − iφ¯k′γ
i←−∂iφk −Mφ¯k′φk − φ¯k′γ
0V†γ0φk = 0 (14)
respectively. Subtracting (14) from (13) and considering that the spinors fit boundary
conditions such that ∫
dτ ∂i
(
φ¯k′γ
iφk
)
= 0 (15)
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and that (γ0V)† = γ0V, one gets
(Ek − Ek′)
∫
dτ φ¯k′γ
0φk = 0 (16)
Eq. (16) is an orthogonality statement applying to the Dirac equation. Any two stationary
states with distinct energies and subject to suitable boundary conditions are orthogonal in
the sense that ∫
dτ φ¯k′γ
0φk = 0, for Ek 6= Ek′ (17)
In addition, in view of (6) the spinors φk and φk′ are said to be orthonormal if
∫
dτ φ¯k′γ
0φk = δE
k′
Ek (18)
Hence, the orthonormal condition is guaranteed if and only if (9) and (15) are satisfied.
Let now consider the (1+1)-dimensional time-independent Dirac equation with position-
dependent mass. In this case the potential matrix V can be written as
V = γ0Vt + γ
1Vsp + Vs − iγ
5Vp (19)
This is the most general combination of Lorentz structures because there are only four lin-
early independent 2 × 2 matrices. The subscripts for the terms of the potential denote
their properties under a Lorentz transformation: t and sp for the time and space compo-
nents of the 2-vector potential, s and p for the scalar and pseudoscalar terms, respectively.
Considering only the time component of the 2-vector potential, V is the form
V = γ0A(x) (20)
such a way that the time-independent Dirac equation becomes
[
γ0E + iγ1∂x −M(x)− γ
0A(x)
]
φ = 0 (21)
To have an explicit expression for the γ0 and γ1 matrices one can choose 2×2 Pauli matrices
which satisfy the same algebra. One can explicitly choose γ0 = σ1 and γ
1 = −iσ2. The
spinor can be written as φT = (φ+, φ−) in such a way that the Dirac equation for a fermion
constrained to move along the X-axis gives rise to two coupled first-order equations
i
dφ+
dx
+ [E − A(x)]φ+ −M(x)φ− = 0 (22)
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− i
dφ−
dx
+ [E − A(x)]φ− −M(x)φ+ = 0 (23)
This two coupled differential equations are the same as obtained in Refs. [12]-[15]. The
vector potential is imposed in the form of a non-Hermitian imaginary potential
A(x) =
i
2
1
M(x)
dM(x)
dx
. (24)
A potential A(x) is said to possess PT symmetry if the relation A(−x) = A∗(x) or A(ξ−x) =
A∗(x) exists under the transformation of x→ −x (or x→ ξ−x) and i→ −i, where P denotes
parity operator (space reflection) and T denotes time reversal. The potential (24) shows
A(−x) = A∗(x) because M(x) is invariant under the parity operation (M(−x) = M(x)),
thus, this complex potential possesses PT symmetry.
In this stage, it is useful to analysis the current for this kind of quantum system. Consider
the condition (9) for the potential given by (24), it is obtained
∂µJ
µ = −2iφ¯γ0A(x)φ , for µ = 0, 1 . (25)
The current is not conserved and it is proportional to A(x). In the same way, it is also useful
to analysis the orthogonality statement and it becomes
(Ek − Ek′)
∫
dxφ¯k′γ
0φk + i
[
φ¯k′γ
1φk
] ∞
−∞
− 2
∫
dxφ¯k′γ
0A(x)φk = 0 (26)
If one imposes the same boundary conditions (15) , one gets
(Ek − Ek′)
∫
dxφ¯k′γ
0φk = 2
∫
dxφ¯k′γ
0A(x)φk (27)
in this case the orthogonality statement is inconsistent. On the other hand, if one imposes
the boundary conditions
i
[
φ¯k′γ
1φk
] ∞
−∞
= 2
∫
dxφ¯k′γ
0A(x)φk (28)
one gets the orthogonality statement (16) and then (18) is obtained. Therefore, the or-
thonormal condition (18) for potentials with PT symmetry is guaranteed if and only if (28)
is satisfied.
In summary, the problem of relativistic problem of fermions subject to a PT-symmetric
potential in the presence of position-dependent mass was reinvestigated. We have inves-
tigated the effects of a PT-symmetric potential on the conservation of the four-current
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and the orthonormal condition for the eigenspinors. We showed that the presence of the
PT-symmetric potential does not lead to a conserved current. We also showed that the
orthogonality criterion is consistent depending on the suitable boundary condition. The
eigenspinors are orthonormal if and only if (28) is satisfied. Finally, it is useful to shed some
light on the interaction of neutral fermions for clarify misconceptions diffused in the liter-
ature. It is known that, the four-dimensional Dirac equation with a mixture of spherically
symmetric scalar, vector and anomalous magnetic-like (tensor) interactions can be reduced
to the two-dimensional Dirac equation with a mixture of scalar, vector and pseudoscalar cou-
plings when the fermion is limited to move in just one direction (py = pz = 0) [24]. In this
restricted motion the scalar and vector interactions preserve their Lorentz structures while
the anomalous magnetic-like interaction becomes a pseudoscalar. The anomalous magnetic-
like coupling describes the interaction of neutral fermions with electric fields, hence the
two-dimensional version of the anomalous magnetic-like interaction, i.e. the pseudoscalar
interaction will be responsible for the interaction of neutral fermions in (1+1) dimensions
[25]-[30]. In Refs. [14] and [17] the pseudoscalar interaction is not used, but the authors
stated that the problem is associated to neutral fermions. Therefore, based on this founda-
tion the titles of Refs. [14] and [17] do not agree with truth.
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